Introduction {#ss1}
============

There is now considerable interest in the life course, particularly in the idea that patterns of child growth may influence the risk of adverse adult outcomes such as cardiovascular disease, diabetes or hypertension (Kuh & Ben-Shlomo, [@b7]). Puberty is a period of intense hormonal activity and rapid growth, of which the most striking feature is the spurt in height, whose intensity in individuals is measured by peak height velocity (PHV) and its timing by age at PHV (APHV).

Mean PHV is ∼10 cm/year in boys and 9 cm/year in girls, while mean APHV is ∼13.5 and 11.5 years by sex (Tanner et al., [@b19]). However, there is considerable variability in the intensity and timing of the spurt from one child to another, with standard deviations of ∼1 cm/year for PHV and 1 year for APHV (Tanner et al., [@b19]). PHV and APHV can be estimated from longitudinal height data by fitting parametric growth curves such as Preece-Baines (Preece & Baines, [@b12]) or JPA2 (Jolicoeur et al., [@b5]) or cubic spline curves (Cole et al., [@b2]) or, more recently, with the SITAR method of growth curve analysis (SuperImposition by Translation And Rotation) (Cole et al., [@b3]). SITAR is a shape invariant model consisting of a mean cubic spline curve and subject-specific random effects. Together these effects provide estimates of the timing and intensity of pubertal height growth in individuals.

In addition to height, several secondary sexual characteristics mark the individual's passage through puberty: the 'Tanner' developmental stages of genitalia in boys, breasts in girls and pubic hair in both sexes (Marshall & Tanner, [@b8], [@b9]), plus testis volume in boys and menarche in girls. As with height, the timing of these events in individuals is very variable. However, estimating the mean age of a given developmental stage is complicated by the fact that the data are unobservable---the age that a child enters or leaves a given stage cannot be observed directly.

Marshall & Tanner ([@b8], [@b9]) estimated the mean ages for each stage using the method of Swan ([@b18]) and for intensity they measured the time period between selected pairs of stages, e.g. from stage 2--5. A recent paper by Gasser et al. ([@b4]) uses similar methodology. To illustrate variation in timing and intensity, [Figure 1](#f1){ref-type="fig"} shows serial measures of Tanner pubic hair stage plotted against age in two selected boys. The first boy takes 6 years, from age 9--15, to pass from stage 1 to stage 5, a rate of four stages in 6 years. In contrast, the second boy proceeds from stage 1 to stage 5 in only 3 years, from age 15--18. The timing of the passage from stage 1 to stage 5 is summarized by the mean age in stage 3. This is marked by vertical lines in [Figure 1](#f1){ref-type="fig"}, so the first boy's timing is 12 years and his intensity is 4/6 or 0.67 stages per year, while for the second his timing is 16.5 years and his intensity 4/3 or 1.33 stages per year, twice as fast. Figure 1.Pubic hair stage plotted against age in two boys, selected to show early vs late pubertal timing and low vs high pubertal intensity. The vertical lines indicate age at peak velocity.

A weakness with previous approaches to the estimation of pubertal timing and intensity is that they have focused on individual stages or pairs of stages. If there was a way to make use of all the available stage measurements per individual it would increase efficiency. The aim of this paper is to describe a toolbox of statistical methods, including SITAR, to do just that for height, Tanner stages, testis volume and menarche. The methods efficiently estimate peak velocity (PV) and age at peak velocity (APV) for each marker, in individual subjects and overall, and they are illustrated using data from the Edinburgh Growth Study.

Methods {#ss2}
=======

The Edinburgh Longitudinal Growth Study was set up in 1972 by Dr Shirley Ratcliffe of the MRC Human Genetics Unit, Edinburgh, UK, where 103 boys and 74 girls acted as the controls in a study of growth and cytogenetic abnormality (Ratcliffe et al., [@b15], [@b14]; Butler et al., [@b1]). Measurements of height from birth and from age 5 Tanner stages of pubic hair (both sexes), breast development (girls) and genital development and testis volume by Prader orchidometer (boys) were obtained every quarter- or half-year until 20 years. Menarche (girls) was recorded as the month of age when menses first occurred.

The aim here is to fit growth curve models for each of the pubertal markers by sex, providing subject-specific measures of pubertal timing and intensity. For height this is achieved with the SITAR model (Cole et al., [@b3]), restricted to measurements over age 5 to match the pubertal markers: where *y~it~* is height in the *i*th subject at age *t*; *α~i~*, *β~i~* and *γ~i~* are random effects for subject *i* and *h*(.) is a cubic spline curve. Corresponding fixed effects *α* ~0~, *β* ~0~ and *γ* ~0~ are also fitted. The residual errors and random effects are assumed to be normally distributed with mean zero and statistically independent*.* The meanings of *α~i~, β~i~* and *γ~i~* are as follows:*α~i~* is mean height in subject *i*, expressed relative to overall mean height and measured in units of centimetres. Called size, it corresponds to the intercept in a random intercept model and geometrically it equates to a shift up or down of the mean curve on the height scale.*β~i~* is the tempo or timing of PHV in subject *i*, their APHV expressed relative to mean APHV in units of years. It corresponds to a shift left or right of the mean curve on the age scale.*γ~i~* is a measure of mean velocity or intensity in subject *i*, their PHV relative to mean PHV. Geometrically it corresponds to a stretching or shrinking of the age scale, which has the effect of decreasing or increasing the slope, i.e. mean velocity, of the curve. It is measured in fractional units and, multiplied by 100, it can be viewed as a percentage difference from mean PHV. The effect on velocity applies across the age range, so it applies to PHV and velocity at other ages and it has an inverse effect on the duration of puberty in the individual.

Thus, in general terms *α* is a measure of size, while *β* and *γ* are measures of, respectively, timing and intensity of pubertal growth. The function *h*(.) in equation ([1](#m1){ref-type="disp-formula"}) is fitted with a natural cubic regression spline, with degrees of freedom selected to minimize the Bayesian Information Criterion (BIC) (Schwarz, [@b17]).

For Tanner-stage-based sexual characteristics and testis volume, a longitudinal mixed model is needed to quantify timing and intensity and an obvious solution would be to use SITAR. However, simpler models are possible, as the corresponding growth curves are not as complex as the height curve. Consider the logistic model which allows *y~t~* to take values between the asymptotes 0 and 1, such that *y~t~* = 0 when *t* = -∞, *y~t~* = 0.5 when *t* = *β* and *y~t~* = 1 when *t* = +∞. Thus, *β* represents the timing of the process, the age when the velocity of *y~t~* is at its peak. The model can be applied either to binary 0/1 variables or to continuous variables bounded by 0 and 1.

Tanner stage plotted against age follows the logistic form of equation ([2](#m2){ref-type="disp-formula"}), with stage 1 as the lower asymptote and stage 5 the upper asymptote. So, equation ([2](#m2){ref-type="disp-formula"}) can be extended as follows, using the same transformed age notation as for SITAR (equation [1](#m1){ref-type="disp-formula"}):

Here, *y~it~* = 1 when *t* is small and *y~it~* = 5 when *t* is large; the random effects *β~i~* and *γ~i~* are measures of timing and intensity, analogous to those for height (equation [1](#m1){ref-type="disp-formula"}), where *β~i~* is the individual's mean age in stage 3, the age when stage is changing most rapidly, and *γ~i~* indicates the relative rate of change of stage at this age, i.e. peak velocity.

The same logistic form can also be applied to mean testis volume, except that here the lower asymptote (corresponding to childhood) is ∼1 ml and the upper asymptote (adulthood) is 20--25 ml. So, for mean testis volume, equation ([3](#m3){ref-type="disp-formula"}) is extended as follows:

There are now four subject-specific random effects, *α~i~*, *β~i~*, *γ~i~* and *δ~i~*, where *α~i~* is adult testis volume, *δ~i~* is child testis volume and *β~i~* and *γ~i~* are measures of timing and intensity of the testis volume growth spurt equivalent to those in equations ([1)](#m1){ref-type="disp-formula"} and [(3](#m3){ref-type="disp-formula"}). In particular, when *t* = *β~i~* then *y~it~* = (*α~i~* + *δ~i~*)/2, the mean of child and adult testis volume, at the age when testis volume is increasing most rapidly, while *γ~i~* measures the relative rate of rise of the logistic curve. Equation ([4](#m4){ref-type="disp-formula"}) is modified from a model proposed by Gasser et al. ([@b4]).

For completeness the Tanner stage and testis volume curves are also fitted using SITAR (equation [1](#m1){ref-type="disp-formula"}) and the fit relative to the logistic models (equations [3](#m3){ref-type="disp-formula"} and [4](#m4){ref-type="disp-formula"}) assessed using BIC. All the mixed effects models are fitted in the statistical language R (R Core Team, [@b13]) using the nlme package (Pinheiro et al., [@b11]), from which a dedicated sitar library has been developed. The random effects are assumed to have an unstructured covariance matrix and the fixed effects define the population mean curves. For SITAR the starting values for the spline curve coefficients (including *α* ~0~) come from the curve *E(y~t~)* = *h(t)*, with the data treated cross-sectionally. This model is equivalent to equation ([1](#m1){ref-type="disp-formula"}), without the random effects and with the fixed effect coefficients absorbed into the spline coefficients, and it provides the fixed effects residual SD. The starting value for *β* ~0~ is set to mean APHV from this same curve and that for *γ* ~0~ is set to zero. For testis volume, equation ([4](#m4){ref-type="disp-formula"}) turns out to fit better with *δ* as a fixed effect rather than a random effect.

Equivalent fixed effects logistic models, omitting the random effects, are fitted using the nls package in R. The impact of adding the random effects to these models is quantified as the extra variance explained, defined as 100 x \[1 - (*σ~m~/σ~f~*)^2^\] where *σ~m~* and *σ~f~* are the residual standard deviations from the mixed and fixed models, respectively.

Menarche, unlike the other pubertal markers, is a binary 0/1 variable. As such its timing *β~i~* in individuals is their age at menarche relative to mean age at menarche. However, there is no equivalent measure of intensity *γ~i~* as there is only one event.

Taken together, equations ([1)](#m1){ref-type="disp-formula"},[(3](#m3){ref-type="disp-formula"}) and ([4](#m4){ref-type="disp-formula"}) provide estimates of timing and intensity for height, Tanner breast, genital and pubic hair stages, plus testis volume and menarche (timing only). This allows the mean timings and intensities to be compared for the different markers and also allows the individual subject values, based on the random effects, to be correlated across markers. For SITAR the timing and intensity are estimated by differentiating the spline curve to obtain the velocity curve and reading off the peak velocity and the age when it occurs. For the logistic models (equations [3](#m3){ref-type="disp-formula"} and [4](#m4){ref-type="disp-formula"}), *β~0~* estimates timing explicitly, i.e. mean APV in units of years and its standard deviation (SD) is obtained as the SD of the random effect *β~i~*. The mean intensity, i.e. PV, is derived as exp(*γ*~0~) in equation ([3](#m3){ref-type="disp-formula"}) and exp(*γ*~0~)(*α*~0~ - *δ*~0~)/4 in equation ([4](#m4){ref-type="disp-formula"}). The SD of PV is obtained as the SD of *γ~i~* multiplied by mean PV. The peak velocities are in measurement units per year. For menarche, the mean and SD of APV are derived from the individual menarcheal ages. The correlations between timing and intensity are those for the random effects *β~i~* and *γ~i~* in each model.

For each sex the six correlations between the four markers are averaged by treating the correlation matrix as compound symmetric. The second and subsequent eigenvalues of this matrix are equal to (1 - *r*), where *r* is the mean correlation, and the logarithm of the eigenvalue is asymptotically normally distributed with variance 2/(*n* - 1), where *n* is the sample size (Jolliffe, [@b6]). So to compare the mean correlations by sex \[log(1 - *r*~1~) - log(1 - *r*~2~)\] has variance \[2/(*n*~1~ - 1) + 2/(*n*~1~ - 1)\], where the subscripts refer to the two sexes.

The outcome of each analysis is a population mean curve based on fixed effects and a set of subject-specific random effects. Thus, there is just one fitted curve, where the random effects are set to zero, and the random effects transform the mean curve to model individual subject curves. This is the basis for a shape invariant model. For presentation purposes this process is reversed here, using the random effects to back-transform the data for the individual growth curves. If the fit is adequate these curves will then be effectively superimposed on the mean curve, providing a visual demonstration both of the shape of the mean curve and the overall goodness of fit. In practice this is achieved by plotting each outcome measure adjusted for size *α~i,~* (which are, respectively, *y~it~* - *α~i~* in equation ([1](#m1){ref-type="disp-formula"}), *y~it~* in equation ([3](#m3){ref-type="disp-formula"}) (no adjustment needed) and (*y~it~* - *δ*~0~)/(*α*~i~ - *δ*~0~) x (*α*~0~ - *δ*~0~) + *δ*~0~ in equation ([4](#m4){ref-type="disp-formula"})) against age adjusted for timing *β~i~* and intensity *γ~i~*, i.e. (*t* - *β*~0~ - *β*~i~)/*e*^-*γ~i~*^ + *β*~0~.

Results {#ss3}
=======

For ages over 5 years there were 2469/1561 heights in 103/74 boys/girls ([Table 1](#t1){ref-type="table"}). Individual height growth curves from 5 years to adult are shown in [Figure 2(a) and (b)](#f2){ref-type="fig"} by sex. SITAR models of height vs age were fitted for each sex using spline curves with 9/7 df, leading to residual standard deviations of 0.9/0.7 cm each, explaining 98.4% of the variance compared to the fixed effects models. Figure 2.Individual height growth curves for (a) 103 boys and (b) 74 girls. The same growth curves after SITAR adjustment for size, timing and intensity are shown in (c) boys and (d) girls, where the curves are superimposed, and the population mean curve is shown in white. The vertical lines indicate mean age at peak height velocity. Table 1.Summary statistics for timing and intensity of puberty.Age at peak velocity (years)Peak velocity (units/year)Residual SD (units)SexMarker*n* subjects/ measuresMean (SE)SDMeanSDFixed effects modelRandomeffects modelVariance explained[\*](#T1-F1){ref-type="fn"} (%)Correlation (APV-PV)BoysHeight (cm)103/246914.1 (0.13)1.039.70.836.90.8998.4−0.65Genital stage98/138313.0 (0.08)0.801.20.350.600.3173.8−0.25Pubic hair stage98/131913.7 (0.10)0.941.70.680.720.2686.40.07Testis volume (ml)101/140913.3 (0.12)1.136.32.73.41.0889.8−0.71GirlsHeight (cm)74/156111.9 (0.20)1.017.60.916.00.7698.4−0.78Breast stage74/96112.0 (0.13)1.091.50.390.750.2984.80.20Pubic hair stage74/82512.6 (0.12)0.971.80.680.740.2588.8−0.06Menarche70/7013.1 (0.15)1.21------------[^1]

The individual curves after SITAR adjustment are shown in [Figure 2(c) and (d)](#f2){ref-type="fig"} by sex, with the individual curves shown in colour, the mean fitted curves in white and the mean ages at peak height velocity highlighted as vertical dotted lines. The SITAR adjustment causes the individual curves to appear superimposed on the mean curve. The few apparently discrepant curves after 12 years are due to missing data during the growth spurt.

The Tanner stage markers were fitted both to the SITAR model (equation [1](#m1){ref-type="disp-formula"}) and the logistic model (equation [3](#m3){ref-type="disp-formula"}). For breast stage, the BIC for the SITAR model with 3 df was 18 units larger than for the logistic model, while none of the other SITAR models converged. Thus, the results here are restricted to the logistic models, as summarized in [Table 1](#t1){ref-type="table"}. The extra variance explained by adding the random effects to the fixed effects models ranged from 74--89%.

[Figure 3](#f3){ref-type="fig"}, like [Figure 2](#f2){ref-type="fig"}, shows patterns for the Tanner stage markers, based on 98/74 boys/girls: (a) genital stage and (c) pubic hair stage in boys, (b) breast stage and (d) pubic hair stage in girls. In each graph the unadjusted curves are shown in the background (in grey), with the same curves adjusted for subject timing and intensity random effects from equation ([3](#m3){ref-type="disp-formula"}) superimposed (in black). Also superimposed is the mean logistic curve (in white) and a dotted vertical line indicating mean APV for the marker. The residual SDs about the mean curves vary between 0.25--0.31 stage units ([Table 1](#t1){ref-type="table"}) and the residuals are close to normally distributed (not shown). Figure 3.Individual growth curves for (a) genital stage and (c) pubic hair stage in 98 boys and (b) breast stage and (d) pubic hair stage in 74 girls. The raw curves appear in grey, while the same curves adjusted for individuals' timing and intensity with equation ([3](#m3){ref-type="disp-formula"}) are superimposed in black. The population mean logistic curves are in white and the vertical lines indicate mean age at peak velocity.

The effect of adjusting for timing and intensity in [Figure 3](#f3){ref-type="fig"} is to cluster the curves, allowing the mean logistic patterns to emerge. The stepped appearance arises because, although individuals usually progress from one stage to the next during puberty, they remain in the same stage for between a fifth and a half of the time periods (depending on the marker and ignoring intervals spent in stages 1 or 5). The clustering is less tight than for height ([Figure 2](#f2){ref-type="fig"}) and the fit is relatively poor at the start and end of puberty, but it does allow the data to be combined to estimate mean PV and APV. Referring back to [Figure 1](#f1){ref-type="fig"}, note that the vertical lines there mark the subject-specific APVs for pubic hair, which are close to the mean ages in stage 3. This demonstrates that, in general, APV for the Tanner stages corresponds to the mean age in stage 3.

Testis volume was fitted to the SITAR model (equation [1](#m1){ref-type="disp-formula"}) with 5 df and the logistic model (equation [4](#m4){ref-type="disp-formula"}) and the logistic fitted appreciably better (relative BIC −238). [Figure 4](#f4){ref-type="fig"} shows testis volume growth curves based on equation ([4](#m4){ref-type="disp-formula"}) for 101 boys, unadjusted ([Figure 4a](#f4){ref-type="fig"}) and adjusted for timing, intensity and adult testis volume ([Figure 4b](#f4){ref-type="fig"}). Here again the adjustment causes the individual curves to cluster around the mean curve, with 90% of the variance explained ([Table 1](#t1){ref-type="table"}). The residual SD is 1.1 ml and the estimated child and adult asymptotes are *δ* ~0~ = 1.7, SE 0.7 ml and *α* ~0~ = 21.9, SE 0.3 ml, respectively. Figure 4.Individual testis volume growth curves for 101 boys, (a) raw and (b) adjusted for timing and intensity with equation ([4](#m4){ref-type="disp-formula"}). In (b) the population mean curve is shown in white and the vertical line indicates mean age at peak testis volume velocity.

[Table 1](#t1){ref-type="table"} summarizes the estimates of timing (APV) and intensity (PV) in the puberty markers by sex. Mean age at peak velocity is 13--14 years in boys and 12--13 years in girls, depending on the marker, while the SD for APV is 0.8--1.1 years. The PV for height is 9.7 cm/year in boys and 7.6 cm/year in girls, with SDs ∼0.9 cm/year. PV for testis volume is 6.3 (SD = 2.7) ml/year and for the four Tanner stages PV is between 1.2--1.8 stages per year. (The PVs in [Figure 1](#f1){ref-type="fig"} of 0.67 and 1.33 are smaller but are not directly comparable, as they cover stage 1 to stage 5, whereas the PVs in [Table 1](#t1){ref-type="table"} are instantaneous velocities in stage 3.) The SDs of PV are appreciably greater and the percentage of variance explained rather smaller for the Tanner stages than for height or testis volume, despite having smaller means, indicating greater measurement error.

The correlations between APV and PV are ∼−0.7 for height and testis volume, but much closer to zero for the Tanner stages. Thus, for height and testis volume early maturers tend to have a higher peak velocity, suggesting that their individual body clocks are running faster and they pass through puberty more quickly than later maturers.

[Figures 5](#f5){ref-type="fig"} and [6](#f6){ref-type="fig"} show scatterplot matrices of timing and intensity for the four markers by sex, with the correlations superimposed and their font size scaled appropriately. The correlations between markers for pubertal timing (upper triangle) are generally high, ∼0.6--0.8 in boys and 0.8--0.9 in girls, but very significantly higher in girls (mean correlations 0.76 and 0.87 respectively, *p* = 0.005). For intensity the correlations are much lower (lower triangle), 0.1--0.6 in boys and −0.2--0.2 in girls, with the girls' correlations close to zero (sex difference, *p* = 0.2). Figure 5.Scatterplot matrix for boys showing the correlations between four pubertal markers for timing (upper triangle) and intensity (lower triangle). The correlation values are included, with the font size scaled to reflect the value. Figure 6.Scatterplot matrix for girls showing the correlations between four pubertal markers for timing (upper triangle) and intensity (lower triangle). The correlation values are included, with the font size scaled to reflect the value.

Discussion {#ss4}
==========

The process of pubertal growth and development can be monitored by four distinct markers in each sex; height, genitalia/breast, pubic hair and testis volume/menarche. The results of this analysis, based on longitudinal data from the Edinburgh Growth Study, show how closely linked the markers are in terms of their timing (age at peak velocity) and intensity (peak velocity). The statistical methods developed here allow timing and intensity to be efficiently estimated for each marker and then compared across markers within individuals.

The strength of this approach is most obvious with the Tanner stage markers. Usually the timings of breast, genital and pubic hair stages are based on the age of onset of individual stages, e.g. breast stage 2, while intensity is measured by the time elapsed between pairs of stages, e.g. stages 2--5 (Marshall & Tanner, [@b8], [@b9]; Gasser et al., [@b4]). Here, however, the whole 'growth curve' for the marker is modelled, using all the available longitudinal data, which results in efficient estimates of both the mean age at peak velocity (effectively the mean age in stage 3) and the mean peak velocity, the rate of change of the stage. Note that this is the mean age *in* stage 3, not the mean age *of onset of* stage 3, which is what is usually estimated with cross-sectional data. In addition, testis volume is modelled the same way, using a variant (equation [4](#m4){ref-type="disp-formula"}) of the model proposed by Gasser et al. ([@b4]), but fitted as a mixed effects model rather than to individuals.

The Tanner stage measurement scale is somewhat artificial, with peak velocity in units of stages of per year and age at peak velocity corresponding to mean age in stage 3. Yet the logistic curve with normal errors provides a reasonable fit to the longitudinal stage data (see [Table 1](#t1){ref-type="table"} and [Figure 3](#f3){ref-type="fig"}) and the definitions of peak velocity and age at peak velocity lead from the units of measurement.

Fitting the logistic model (equation [3](#m3){ref-type="disp-formula"}) with and without random effects gave very similar estimates for the mean age at peak velocity *β*, all within 0.1 years (data not shown). This suggests a way of estimating the mean timing of puberty in cross-sectional growth studies, by fitting the fixed effects logistic model (equation [3](#m3){ref-type="disp-formula"}) to Tanner stage markers. The resulting ages can be compared to the age at peak height 'velocity' based on the first derivative of the cross-sectional mean height curve, which is an unbiased estimate of the underlying longitudinally-based age at peak velocity (Cole et al., [@b2]).

[Figures 2--4](#f2 f3 f4){ref-type="fig"} show that the models adjusted for individual variation in timing and intensity fit the data well. The SITAR models, for example, explain 98.4% of the variability in height and the logistic models between 74--90%. The fixed effects provide efficient estimates of the mean timing and intensity of the growth spurt, while the random effects show how individuals vary in these respects. Despite the fact that the Tanner stage data are granular, on the integer scale 1--5, the residuals from the models are consistently close to normal.

The SITAR growth curve model's three random effects were called size, tempo and velocity when first published (Cole et al., [@b3]). The size effect is not relevant for this study, being a reflection of mean height over time in the individual and for this reason it has not been highlighted. The tempo and velocity effects are just different names for timing and intensity, as used here.

On average the first pubertal marker to reach peak velocity in boys is genital stage (at age 13.0 years, [Table 1](#t1){ref-type="table"}), closely followed by testis volume, pubic hair stage and then height. In girls the sequence is height (11.9 years) and breast stage (12.0 years), followed by pubic hair then menarche (13.1 years). The standard deviations of these mean timings are all close to 1 year ([Table 1](#t1){ref-type="table"}). This sequence is similar to those seen in other studies (Marshall & Tanner, [@b9]; Gasser et al., [@b4]).

Peak height velocity approaches 10 cm/year for boys and 8 cm/year for girls, slightly lower than Tanner's figures for instantaneous velocity (Tanner et al., [@b19]). Among the Tanner markers, genital stage proceeds at the slowest rate (mean peak velocity 1.2 stages/year), with breast stage next (1.5) and pubic hair fastest (1.7 and 1.8 by sex). Thus, the progression through four stages, from stage 1 to 5, takes longest for genitalia and shortest for pubic hair. For comparison the mean PV for testis volume is 6.3 ml/year, with the change in volume from child to adult averaging ∼20 ml. So testis volume PV can be re-scaled crudely to Tanner stage units, based on the 'distance' travelled, to give PV = 6.3/20 × 4 = 1.3 stages/year, close to that for genital stage. This is reassuring, as genitalia and testes ought to be developing in tandem.

For height in both sexes and testis volume in boys there is a strong inverse correlation of −0.7 between APV and PV, meaning that early maturers have a higher PV and progress through puberty more quickly than later maturers. This implies that the underlying passage of time is multiplicative rather than additive, with an elastic age scale where early puberty corresponds to shrinking the scale and late puberty to stretching it. This in turn makes the growth curve steeper or shallower depending on the timing, hence generating the negative correlation between APV and PV.

There is empirical support for this idea. Refitting the SITAR height models using log age rather than age improves the fit by 185 and 190 units of deviance for boys and girls, respectively, and the corresponding correlations between APV and PV of +0.3 and −0.2 are appreciably smaller than before. Using log age also improved the fit for Christ's Hospital School boys (Cole et al., [@b3]). Velocity curves based on the multiplicative model are seen in [Figure 7](#f7){ref-type="fig"} for five hypothetical boys, closely matching the famous [Figure 1](#f1){ref-type="fig"} from Tanner et al. ([@b19]). This confirms that the age effect is closer to multiplicative than additive. Figure 7.Predicted height velocity curves for boys from a SITAR model of height vs log age, where the tempo random effect varies from −2 to +2 standard deviations.

There is little sign of a multiplicative age effect with the other markers, and particularly for girls, where the correlations between APV and PV are close to zero. This may reflect the greater measurement error of Tanner stage markers, coupled with possible inadequacy of the logistic model at the extremes, or it may hint at a more general truth that puberty as measured by secondary sexual characteristics is not accelerated in early maturers.

As to the correlations between markers, [Figures 5](#f5){ref-type="fig"} and [6](#f6){ref-type="fig"} provide simple visual summaries for the two sexes. For girls the timing of peak velocity is quite tightly linked across markers, with correlations of 0.8 upwards, and between height and menarche it is as high as 0.92. For boys the correlations are very significantly lower, in the range 0.62--0.82, and there is little overlap with the girls' values. For intensity the story is reversed, with higher correlations for boys than girls, although height intensity is uncorrelated with the other markers in either sex.

The main limitation of the study is the sample size, 103 boys and 74 girls, reflecting the effort required to set up and maintain such a study over 20 years. Other longitudinal growth studies are similarly modest in size---the 1st Zurich Longitudinal Growth Study for example had 120 boys and 112 girls (Gasser et al., [@b4]). It means that the confidence intervals around the correlations are relatively wide, but even so the sex difference in the size of correlations between markers is highly significant (*p*  = 0.005) and is probably genuine. The strength of the study is its demonstration that the unified modelling approach fits the data well, and it allows the individual patterns of pubertal growth to be concisely summarized. In addition the mixed effects model allows all individuals to be included in the analysis, whereas individually fitted models inevitably fail to fit in a few cases (Sandhu et al., [@b16]; Molinari et al., [@b10]).

In conclusion, a logistic growth model is proposed that efficiently models serial changes in Tanner stage and testis volume through puberty, and which allows the timing and intensity of the growth spurt to be documented for height and secondary sexual characteristics.
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[^1]: Compared to fixed effects model.
